THE TRACIAL ROKHLIN PROPERTY FOR 
AUTOMORPHISMS ON NON-SIMPLE C*-ALGEBRAS 



JIAJIE HUA 



Abstract. Let A be a unital AF-algebra (simple or non-simple) and 
let a be an automorphism of A. Suppose that a has certain Rokhlin 
property and A is a-simple. Suppose also that there is an integer J > 1 

Ko(A), 



such that aid —iAKn(A)^ we show that yl Z has tracial rank zero 



1. Introduction 

We introduce certain Rokhlin property for automorphisms on unital C*- 
algebras. The Rokhlin property in ergodic theory was adopted to the context 
of von Neumann algebras by Connes [1]. It was adopted by Herman and 
Oeneanu for UHF-algebras. R(/)rdam [13] and Kishimoto [5] introduced 
the Rokhlin property to a much more general context of C*-algebras, then 
Osaka and Phillips studied integer group actions which satisfy certain type 
of Rokhlin property on some simple C*-algebras |12j. More recently, Lin 
studied the Rokhlin property for automorphisms on simple C*-algebras [10]. 

Phillips proposed that how to introduce appropriate Rokhlin property 
to non-simple C*-algebras. In this paper we attempt to introduce certain 
Rokhlin property to non-simple C*-algebras, when C*-algebra is simple, 
this Rokhlin property is weaker than the Rokhlin property in [10^ I12j . If 
an integer group action of a C*-algebra has this Rokhlin property, we can 
conclude that its crossed product is in the C*-algebra class of tracial rank 
zero. In particular, these algebras all belong to the class known currently 
to be classifiable by K-theoretic invariants in the sense of the Elliott classi- 
fication program. We hope that this case will lead us to more interesting in 
the Rokhlin property to non-simple C*-algebras. 

The organization of the paper is as follows. In Section 1, we briefly recall 
the notion of C*-algebras, then we introduce certain Rokhlin property and 
discuss some property of crossed product j4 Xq, Z when an automorphism 
a of a C*-algebra A has the Rokhlin property. In Section 2, we show that 
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if yl is a unital AF-algebra, suppose that a eAut(A) has the tracial cychc 
Rokhhn property and A is a-simple, suppose also that there is an integer 
J > 1 such that a^Q =idxo(A)- Then A xi^ Z has tracial rank zero. 

2. The Tracial Rokhlin Property 
We will use the following convention: 

(1) Let A be a C*-algcbra, let a € ^ be a positive element and let p G yl 
be a projection. We write [p] < [a] if there is a projection q G aAa and a 
partial isometry v ^ A such that v*v = p and vv* = q. 

(2) Let yl be a C*-algcbra. We denote by Aut(yl) the automorphism 
group of yl. If A is unital and u G yl is a unitary, we denote by adu the 
inner automorphism defined by adu (a) = u*au for all a € A. 

(3) Let a; G > and C A. We write x G^ if dist(a;, J^) < e, or 
there is y G such that ||x — y|| < e. 

(4) Let yl be a C*-algebra and a G Aut(^). Wc say A is a-simple if A 
does not have any non-trivial ct-invariant closed two-sided ideals. 

(5) A unital C*-algebra is said to have real rank zero, written RR(yl) = 0, 
if the set of invertible self-adjoint elements is dense in self-adjoint elements 
of A. Note that every unital AF-algebra has real rank zero. 

(6) A unital C*-algebra A has the (SP)-property if every non-zero hered- 
itary (7*-subalgebra of yl has a non-zero projection. Note that every C*- 
algebra yl with real rank zero has the (SP)-property. 

(7) Let T(yl) be the tracial state space of a unital C*-algebra yl. It is a 
compact convex set. 

(8) we say the order on projection over a unital C*-algebra A is deter- 
mined by traces, if for any two projections p,q G A, t{p) < T{q) for all 
r G r(yl) implies that p is equivalent to a projection p' < q. 

Definition 2.1. We denote by 2^^^ the class of all finite dimensional C*- 
algebras, and denote by I^^^ the class of all unital C *-algebras which are 
unital hereditary C *-subalgebras of C *- algebras of the form C{X)®F , where 
X is a k-dimensional finite CW complex and F G 

We recall the definition of tracial topological rank of C*-algebras. 

Definition 2.2. ([8]) Let A be a unital simple C *-algebra. Then A is said 
to have tracial (topological) rank no more than k if for any e > 0, any finite 
set ^ C yl, and any non-zero positive element a G A, there exist a nonzero 
projection p E A and a C *-subalgebra B G T^^^ with 1b = P such that: 

(1) \\px — xp\\ < £ for all X G J^. 

(2) pxp Ge B for all x G T . 

(3) [l-p]< [a]. 

If A has tracial rank no more than fe, we will write TR(yl) < k. If fur- 
thermore, TR(A) ^k-1, then we say TR(^) = k. 
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Definition 2.3. Let A be a unital C *-algebra and let a ^Aut{A). Let a & A 
be a positive element and letp G A be a projection. We say [p] <a [a] if there 
exist the mutually orthogonal projections pi, the mutually orthogonal positive 
elements ai and € Z for i = 1,2, ■• • ,n such that p = X^"=i Pi, {ai}"=i 
belong to the hereditary C *-subalgebra generated by a, and [a^^ipi]] < [oj], 
i = 1 ■ • • n. 

By this definition, we can compare non-zero positive elements with full 
positive elements by the action of a. 

Example 2.4. Let A = ^offi^O; where Aq is an infinite dimensional unital 
simple C *-algebra with real rank zero, let a ^Aut{A) such that a(ao,6o) = 
(5o,ao), where ao,bo G Aq, then for any non-zero projection q & A, there 
exists a projection p = {pi,P2) ^ ^,Pi ^jP2 ^ such that \p] <a [q]- 

Definition 2.5. Let A be a unital C *-algebra and let a ^Aut{A). We say 
a has the tracial Rokhlin property if for every e > 0, every n G N, every 
nonzero positive element a & A, every finite set C A,T = {pi, • • • ,pm,ai, 
■■■ ,as}, where {pi},i = 1, • • • ,m are the mutually orthogonal projections, 
there are the mutually orthogonal projections ei, 62, • • • , e„ € ^ such that: 

(1) \\a{ej) - Cj+iW < e for 1 < j < n - 1. 

(2) \\ejb — bcjW < £ for 1 < j < n and all b ^ T. 

(3) WeiPjCiW >l — £ for 1 < j < m. 

(4) Withe = Y:]=iej,[^-e] <a [a]. 

When A is a unital simple C*-algebra, above definition is weaker than the 
Rokhlin property in \10\ [T2] . We weak the condition (4) to require positive 
elements can be compared by action of a. 

We define a slightly stronger version of the tracial Rokhlin property. 

Definition 2.6. Let A be a unital C *-algebra and let a ^Aut{A). We say a 
has the tracial cyclic Rokhlin property if for every e > 0, every n G N, every 
nonzero positive element a & A, every finite set T d A^T = \jp\, ■ ■ ■ ,pm, oi, 
■•• ,as}, where {pi},i = 1, • • • ,m are the mutually orthogonal projections, 
there are the mutually orthogonal projections ei, 62, • • • , e„ G A such that: 

(1) \\oi{ej) — ej+i|| < e for 1 < j < n, where e„+i = ei. 

(2) \\ejb — bcjW < £ for 1 < j < n and all b ^ T. 

(3) WeiPjCiW >l — £ for 1 < j < m. 

(4) Withe = Z]=iej,[l-e] [a]. 

The only difference between the tracial Rokhlin property and the tracial 
cyclic Rokhlin property is that in condition (1), we require that ||a(en) — 
eill < £. 

Theorem 2.7. Let A be a unital C *-algebra with real rank zero, let a ^Aut{A) 
have the tracial Rokhlin property. Then A is a- simple if and only if the 
crossed product yl xi^ Z is simple. 

Proof. Let / be an a-invariant norm closed two-sided ideal of A. Then / x^Z 
is a norm closed two-sided ideal of vl xi „ Z by Lemma 1 of [3] . 
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Conversely, let a be a positive element of the C*-algebra A, = {aj; i = 
1, 2, • • • .n} elements oi A, Si & N,i = 1,2, ■■■ ,n and e > 0, we prove that 
there exists a positive element x A with = 1 such that 

|[a;ax|| > ||a||— e, ||xaiQ'^'(x)|| < e, \\xai— aix\\ < e,i = 1,2, ■■■ ,n. (*) 

Because A has real rank zero, let e > 0, by Theorem 3.2.5 of [9], there are 
mutually orthogonal projections pi,p2,--- ,Pm and positive real numbers 
Ai, A2, • ■ ■ ,\m such that \\a - YlT^i AiPill < let qq = Zll^i ^iPu C = 
max{||ai II \i = 1, . . . ,n} and N = max{si, S2, • ■ ■ , 

Let eo = min{^, (^y^}. 

Apply the tracial Rokhlin property with N in place of n, with eq in place 
of £. We can obtain ei, 62, • • • , cat, such that 

(1) ||a(ej) - e^+ill < Eq for 1 < j < iV - 1, 

(2) WejUi — aiCjW < Eq for 1 < j < and 1 < i < n, 

(3) ||eipjei|| > 1 — Eq for 1 < j < m, 
then 

Ijeiaoeill = || XiemeiW > ||Aieipjei|| > Ai(l - eo),^ = 1,2, • • • ,m. 
we get 



eiaoeill > ||ao||(l - Eq) > \\ao 




then 

||eiaei|| = ||eiaoei + eiaei — eiaoei || > ||eiaoei || — ||eiaei — eiagei || 

E E E £ £ E 

> eianei > an > a = a — e. 

- II i u 111 2 - II UN 2 3 - II II 3 3 3 II II 

||eiaia'''(ei)|| 

= ||eiaiQ**(ei) - eiaia"^'^^ (ei) + eiata'^''^ (ei) H h eiaia^(ei)|| 

< ||eiaja^(ei)|| + (sj - l)eo||ai|| < ||ajeia^(ei)|| + Sjeo||ai|| 

< {si + l)eo||aj|| < 

So we get (*). Apply this condition and A is a-simple, we can complete 
the proof as same as Theorem 3.1 of [3], we omit it. □ 

Apply the (*) and the same proof of Theorem 4.2 of [2j, we can get the 
following result. 

Theorem 2.8. Let A be a unital C *-algehra with real rank zero and let 
a ^Aut{A) have the tracial Rokhlin property and A is a-simple. Then any 
non-zero hereditary C *-suhalgehra of the crossed product A xIq, Z has a non- 
zero projection which is equivalent to a projection in A. 

Lemma 2.9. Let B = M^(i) © Af^(2) ® • • • © ^r(0 ^6 a finite dimensional 

C *-subalgebra of a unital C *-algebra A, Let ef^j (z B be a system of matrix 
units for M^(^g-^,s = 1,2,- ■■ ,1. Then for any 5 > there exists a > 

satisfying the following: If \\pe^^} — e^^}p\\ < a and \\pcf}p\\ > 1/2 for s = 
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1,2, ... ,l,i = 1,2,..., r(s), then there is an monomorphism ip : B ^ pAp 
such that \\pbp - (p{b)\\ < 6\\b\\ for all b e B. 

Proof. It follows from the argument in section 2.5 of [9] and Proposition 2.3 
of [II]. □ 

Proposition 2.10. Let A be a unital C *-algebra, Suppose that a (^Aut{A) 
is approximately inner and has the tracial Rokhlin property, if for any closed 
two-sided ideal I of C *-algebra A, there is n G N, n only depends on I, such 
that Kq{A/I) is not n-divisible, then A is a-simple. 

Proof. Suppose that A is not a-simple, so there exists a closed two-sided 
ideal / of C*-algebra A such that a{I) = /. By the hypothesis, there is 
n G N such that Kq{A/I) is not n-divisible. 

Let a € / be a non-zero positive element, and < e < 1, there are the 
mutually orthogonal projections ei, 62, • • • ,en € A such that 

(1) ||Q;(ej) — ej+i|| < e for 1 < j < n — 1, 

(2) Withe = E"=iei,[l-e] <„ [a]. 

Because a is approximately inner and (1), we have [ei] = [62] = • • • = [e„] 
in Kq{A). 

If p G A is a projection such that [p] < [b], where 6 € / is a positive 
element, then there is a v A such that v*v = p and vv* G bAb C /, if 
TT : A ^ A/I denotes quotient map, tt{v)tt{v*) = in A/I, 7r{v) = in A/I, 
then p ^ I. 

In (2), [1 — e] <a [a], by the definition of <a, a & I and the discuss above, 
we have 1 - e G /, so 7r(l - e) = 0, [1 - e] = in Ko{A/I), then n[ei] = [1] 
in Ko{A/I), this is contradictory to Kq{A/I) is not n-divisible. 

□ 

3. Main result 

In the proof of Theorem 3.3, we first prove TR{A xi^Z) < 1, then use the 
following Lemma 3.1 to prove RR{A xIq Z) = 0. The following Lemma is 
similar to Lemma 2.5 of |12j . 

Lemma 3.1. Let A be a unital C *-algebra with real rank zero and let 
a ^Aut{A) have the tracial Rokhlin property. Suppose that A is a-simple 
and the order on projection over A yi^ Z is determined by traces. Let 
L : A A yiaZ be the inclusion map. Then for every finite set F C A yia^, 
every e > 0, every nonzero positive element z G j4 xIq, Z, and every suf- 
ficiently large n G N (depending on F,£ and z), there exist a projection 
e (z A C A yiaZ, a unital subalgebra D C e{A xi^ Z)e, a projection p (z D, a 
projection f (z A, and an isomorphism : Mn f Af — > D, such that: 

(1) With (ejjc) being the standard system of matrix units for Mn, we have 
^{^1,1 (8) a) = i{a) for all a G f Af and (p{ek^k (X) 1) G l{A) for 1 < k < n. 

(2) With {cj^k) IS in {1), we have \\ip{ejj (S) a) — a^~^{L{a))\\ < £\\a\\ for 
all a G fAf. 
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(3) For every a & F, there exists 61,62 £ F) such that ||pa — 6ij| < e, \\ap — 
62II < e, and ||6i||, ||62|| < ||a||. 

(4) There is m G N such that 2m /n < e and p = Yl]^Zm+i ^ 

(5) The projection 1 — p is Murray-von Neumann equivalent in Ayi^'^ 
to a projection in the hereditary suhalgehra of A xi^ Z generated by z and 
r(l -p) <e for all r G T{A x« Z). 

Proof. Let e > 0, and let C xi^ Z be a finite set. Let zE^dx^Zbea 
nonzero positive element. 

Let u be the standard unitary in the crossed product AxiaZ. We regard A 
as a subalgebra of A x q,Z in the usual way. Choose m € N such that for every 
X ^ F there are a; G A for —m < I < m such that \\x — Yl]^-m ^i^'ll < §• 
For each x ^ F choose one such expression, and let C A be a finite set 
which contains all the coefficients used for all elements of F. Let M = 

1 + sup„es 

Since ^ x^ Z has (SP)-property and is simple by Theorem 2.8 and Theo- 
rem 2.7, we can apply Lemma 3.5.7 of [9] to find nonzero orthogonal Murray- 
von Neumann equivalent projections go,gi, ■ ■ ■ ,g2m £ z{A x^, 'Z)z. 

Since A x„ Z is simple, go is a nonzero projection, and the tracial state 
space T{A x^ Z) of ^ x„ Z is weak-* compact, we have 

6 = inf T(go) > 0. 
tGT(Axi„Z) 

Now let n G N be any integer such that n > max(|, {N + 2) (2m + 1),^). 

^0 ^ 10(2m+l)n2M- 

Choose ei > so small that whenever ei , 62 , . . . , e„ are mutually orthog- 
onal projections in a unital C*-algebra B and u G -B is a unitary such that 
||«ejit* — Cj+ill < El for 1 < j < n, then there is a unitary v G B such that 
\\v — u\\ < Eq and vejv* = Cj+i for 1 < j < n. We can apply Lemma 3.5.7 of 
[9] to find nonzero orthogonal Murray-von Neumann equivalent projections 
/ii , /i2 , . . . , /in+2 £ 50(^x10^)50 which are Murray-von Neumann equiva- 
lent in A x„ Z. Further apply Theorem 2.8 to find a nonzero projection 
q & A which is Murray-von Neumann equivalent in A Xq, Z to a projection 
in hi{A Xq, Z)/ii. 

Apply the tracial Rokhlin property with n — 1 in place of n, with S in 
place of F, with min(l, Eq,£i) in place of e, and with q in place of x. Call the 
resulting projections ei, 62, ... , e^, and let e = ej, [1 — e] <a [q]- Apply 

the choice of ei to these projections and the standard unitary u, obtaining 
a unitary v G ^ x^ Z as in the previous paragraph. 

We can get the conditions (1),(2),(3),(4) by the same proof of Lemma 2.5 
of [12]. We omit them. 

It remains to verify Condition (5) of the conclusion. We have 

m n 

l-p = l-e + ^ej + 

j=l j=n—m+l 
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By constrction we have [1 — e] <a [hi] < [go]. Now let r be any tracial state 
on A xia Z. Then r(ej) = T(ei) for all j, whence T(ej) < ^. The inequality 
n > ^ > therefore implies T{ej) < T{go). Since all gj are Murray-von 
Neumann equivalent, it follows that for any tracial state r on A xIq, we 
have r(ej) < r^gj) and T{en-j) < T{gm+j) for 1 < j < m. So the order on 
projection over A xIq, Z is determined by traces implies that Cj < gj and 
e-n-j < grri+j in A XI „ Z for 1 < j < m. Thus [1 — p] <a [Yl'j=o 9j] which is a 
projection in the hereditary subalgebra z{A xIq, Z)z. 

2m(n + 2) ' n 



r(l-p)=r(l-e)+r(^e,+ ^ ^ + ^ < 

j=l j=n—m+l 



This is Condition (5) of the conclusion. □ 

Theorem 3.2. Let A he a unital C *-algebra with real rank zero and let 
a ^Aut{A) have the tracial Rokhlin property. Suppose that A is a-simple 
and the order on projection over ^ Z is determined by traces. Then 
A XIq, Z has real rank zero. 

Proof. By applying Lemma 3.1 and the same proof of Theorem 4.5 of [12j. 

□ 

Theorem 3.3. Let A be a unital AF-algebra, Suppose that a (zAut(A) has 
the tracial cyclic Rokhlin property and A is a-simple. Suppose also that there 
is an integer J > 1 such that a^Q =idxQ{A)- Then TR{A xIq, Z) = 0. 

Proof. By Theorem 2.7, ^ xIq, Z is a unital simple C*-algebra. 

Let < e < 1 and J-" C Axi^Zbea finite set. To simplify notation, 
without loss of generality, we may assume that = J^qU {u}, where J^o C A 
is a finite subset of the unit ball which contains 1a and u is a unitary which 
implements a, i.e., a{a) = u*au for all a € A. Choose an integer k which is 
a multiple of J such that 27r/(/c - 2) < e/16. Put JT^ = JTg u {u^a{u*y : a G 
J^Q, —k < i < k}. 

Fix bo E {A XI Z)_|_\{0}. It follows from Theorem 2.8 that there is a 
nonzero projection ro G A which is equivalent to a nonzero projection in the 
hereditary C*-subalgebra generated by bo. 

Let S = e/lGk"^. Since A is a unital AF-algebra, denoted hy A = U^^^Am, 
where A^ is a finite-dimensional C*-algebra for m = 1,2, ... , then there is 
a lager enough m € N such that b £s Am for all h G Ti and 1a S Am. 
Let Am = Mr(i) e M,(2) © ••• © M^^iy Note [{u'^Yeu''] = [e] in Ko{A) 
for all projection e S Am. By Theorem 3.4.6 of [9], there exists a unitary 
w G U{A) such that w*{vf')*bu^w = b for all b G Am. Because ^ is a AF- 
algebra, w S Uo{A). By Lemma 2.6 of [10], we have the unitaries Wi,i = 
1,2, ••• ,k — 1 associated with finite dimensional C*-subalgebra Am such 
that w = wiW2 ■ ■ -Wk-i, [\wi — 1|| < n/{k — 2). Let Qo be a finite subset of 
Am which, for each b & contains an element a(6) such that ||a(6) — 6|| < 6, 
contains a systems of matrix units for each simple summand of Am- 
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Define T2 = {u^bu * : 6 € Go, —k < i < k} and let Wk = I 

= {{wi^Wij^+i ■ ■ ■ Wi)a{wi2Wi2+i ■ ■ ■ Wi)* : a G J^i U J^2, 1 < i,ii,i2 < 
k, ii < i,i2 < i}- Note that w, Wi G ^3, i = 1,2, ■ ■ ■ ,k — 1. 

(s) 

Since a has the tracial cyclic Rokhlin property, let e^j G Am be a sys- 
tem of matrix units for Mj,(j,),s = 1,2, ■•• ,L Let o" > be associated 
with Am and S in Lemma 2.9. Let = min{5, o"}, there exist projections 
ei, 62, • • • , Cfc G ^ such that: 

(1) ||a(ej) - Cj+ill < T]/k for 1 < z < k,ek+i = e\. 

(2) llejO — acill < r//fc for a G ^3. 

(3) lleiej.^.^eill > 1 - r//A; for s = 1, 2, • • • , /, j = 1, 2, ■ ■ ■ ,r(s). 

(4) N- 

Set -p = "^i^i Cj. From (1) above, one estimates that 



lup — = II y^ uej+i — y^ Cjiill < y^ ||uej+i — Cjul 

i=l 1=1 i=l 

k 



||wei+i - ua(ei)|| < r/. 



By (1) above, one sees that there is a unitary v (z A such that ||f — 1|| < 
27]/k and v*u*eiuv = ei+i,i = 1,2,- •■ ,k. Set ui = uv. Then ulciUi = 
ej+i,i = 1,2, ••• ,k and Cfc+i = ei. In particular, u^ei = ein^ For any 
a G ^3n^m(since w G ^3),eit(;*ei(it^)*eiaeiufeiu;ei ^srj/k eiaei. By (2), (3) 
above, it then follows from Lemma 2.9, there is a monomorphism ip : — > 
eiAei such that llv'(a) — eiaei|| < S\\a\\ for all a G Am- 

By applying Lemma 2.9 of [10], we obtain unitaries x,xi,X2, - ■ ■ , a^fc-i G 
Uo{eiAei) such that ||a; — eiwei|| < 6, \\xi — eiWiei\\ < 6, x = X1X2 • • • x^-i 
and x*{u^)*auiX = a for all a G ip{Am)- 

Let Z = J2'^=i eiu'l+^-'x^{u'l~')* + (1 - p)ui. Define S = ip{Am), then 

11-^ — ""ill < inax{||xi — ei 11} < max{||xj — ei-Wjei II + lleiWjei — ei 11} 

i i 

< 6 + r)/k + 7r/{k-2), 
{Z^fbZ^ = b for all 5 G B and 
(ZyeiZ' < ei+i, Z' = u'l{x^X2 ■ ■ • Xi)^-')*, i = 1, 2, • • • , k{ek+i = ei). 

Write S = Ci © C2 © ■ ■ ■ Cn and {c^^} be the matrix units for Cj,j = 
1, 2, • • • , N, where Cj = Mjy^j^ and put q = 1b- 

Define Dq = B 1^ ®^^^Z'-*BZ\ and Di the C*-subalgebra generated by 

B and c-JJz^s = 1,2,- ■■ ,R{j),j = 1,2,- ■ ■ ,N and i = 0,1,2,- - - ,k - 1- 
Then Di = B<^Mk and Di D Dq. 
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Define = ZiZo Z^*c^Jz\ gO) = Q^^s> and Q = Zf=i q^'^ = Id,- 

Note that Q = YliZoiZ')*qZ\ Note that 

k-l k-l 

i=0 i=0 
k-l 

1=1 

It follows from Lemma 2.11 of [ID] that cfi ,cYi Z^ and Z generate 
a C*-subalgebra which is isomorphic to C{Xj)®Mk for some compact subset 

Xj C 5^ Moreover, qgjzqgj is in the C*-subalgebra. Let D be the C*- 

subalgebra generated by Di and c[^^Z^c[^^. Then D ^ ®^^^C{Xj)^B®Mk. 

It follows that q^^^ and Q commutes with Z. Therefore QZQ € D. Thus, 

WQu-uQW < ||Qn-Qni|| + ||Q'Ui-QZ|| + ||ZQ-'UiQ|| + ||niQ-'uQ|| 
< 4r]/k + 26 + 2TT/{k-2) <£. 

From QZQ E D, we also have QuQ Eg D. 
For 6 G .Fo, we compute that 

izyq{z')b - {zyqu^;{xiX2 ■ ■ ■ x,){u'i-yb 

« ks+2,i{Z'yqu'l{wiW2 ■ ■ ■ w^){u''-')*b 

= {ZTq4{wiW2 ■ ■ ■ w,)iu'''Tbu''~\wiW2 ■ ■ ■ w,y{4)*[u''-'{wiW2 ■ ■ ■ 

Put Cj = (u'^^*)*6n'^~\ then q G J^i. There is Oj G C Am such that 
\\ci - ai\\ < 6. 

Since {wiW2 ■ • • 'Wi)Ti{wi'W2 ■ ■ ■ Wi)* C ^3, then 

{zyqu'i{wiW2 ■ ■ ■ w,){u''-ybu'''\wiW2 ■ ■ ■ w,r{u'ir[u''-\wiW2 ■ ■ ■ w^riuirr 

= {Zyqu'l{wiW2 ■ ■ ■ w.i)c.,{wiW2 ■ ■ ■ w,y{u'^y[u''-\wiW2 ■ ■ ■ ^«^)*(^^^)*]* 

« s{Z')*qu'l{wiW2 ■ ■ ■ Wi)a,{wiW2 ■ ■ ■Wi)*{u\)*[u''~'{wiW2 ■ ■ • 

« s{Z')* eiu\{'WiW2 ■ ■ ■ w^)a,{wiW2 ■ ■ ■ w{)* {v!l)*[u^-\wi'W2 ■ ■ ■ w^)*{u\)*]* 

« ^/k{Zyu'l{wiW2 ■ ■ ■ Wi)a,{wiW2 ■ ■ ■ 'Wi)*{u'iyei[u''-\wi'W2 ■ ■ ■ 

« s{Z'-yu\{wiW2 ■ ■ ■Wi)Ci{wiW2 ■ ■ ■ W^y {u'ly q[u''^'' {wiW2 ■ ■ • 

« s{zy4{w,w2 ■ ■ ■ w,){u''-Ybu''-\wiW2 ■ ■ ■ w,y{4yq[u''-\wiW2 ■ ■ ■ w,y{4y] 
~ ks+2rjKz^yqZ\ 

Hence 

\\{Z'yqZ'b-b{Z'yqZ'\\ < 2{k6 + 2r] + 6 + 6) + r]/k < e/k,k = 0,1,--- ,k-l. 

Therefore, ioi h e J^q, \\Qb - bQ\\ < k ■ {e/k) = e. 
It follows that IIQa — aQ\ < e for all a ^ T. 
For any b & J-'o, a same estimation above shows that 



10 



JIAJIE HUA 



\\qZ'b{Z')*q-qu'l{wiW2 ■ ■ ■ Wi){u''^ybu''-\wiW2 ■ ■ ■ Wi)*{u\)*q\\ < 2k6 + Ar] 

However, qu\{wiW2 ■ ■ ■ Wi){u''~'')*bu''~'-{wiW2 ■ ■ ■ Wi)*{u^)*q &s+25+4r,/k B. 
It follows that, for b £ Tq, 

{Z^YqZ%Z^YqZ^ E^/^ {Z^YBZ\ f = 0, 1, • • • , A; - 1. 

we obtain that QbQ Di C D. 

we obtain that QaQ D for all a £ T . 

Because [1 — ^^^^ ~ ~ —a ['^o] in ^i there exist the mutually 
orthogonal projections p,, the mutually orthogonal positive elements Oj and 
Si € Z for i = 1,2,--- ,n such that p = Pi, {ai}"=i belong to the 

hereditary C*-subalgebra generated by ro, and [a*'(pi)] < [aj], i = 1 ■ ■ ■ n. 
Because [a*'(pj)] = [ti**Pi(u'^')*] = [pi] in A xIq, Z. we obtain that [1 — 
EtiCi] < N in^x„Z 

We can compute that 

[i-Q]<[i-Etie.]<N<N- 

So TR(^ XaZ) < 1. 

The order on projection over ^4 xi^Z is determined by traces by Theorem 
3.7.2 of [9]. 

By applying Theorem 3.2, we have RR(^ xIq Z) = 0. By Lemma 3.2 of 
[ID], we conclude that TR(^ x^, Z) = 0. □ 

Corollary 3.4. Let A be a unital AF-algebra, Suppose that a (zAut(A) has 
the tracial cyclic Rokhlin property and A is a-simple. Suppose also that there 
is an integer J > 1 such that a^Q =idxg(A)- Then the restriction map is a 
bijection from the tracial states of A Xq, Z to the a-invariant tracial states 
of A. 

Proof. Since A has real rank zero and A Xq Z also has real rank zero by 
Theorem 3.3, this follows from Proposition 2.2 of [6j. 

□ 

Example 3.5. Let A = Aq(B Aq, where Aq is an infinite dimensional unital 
simple AF-algebra. Let (3 £Aut[AQ) be an approximately inner automor- 
phism of Aq and have the traical cyclic Rohklin property in |iOj . Define a G 
Aut{A) by a{a,b) = {(3 (b), /3(a)), then TR{A x^Z) = 0. 

Obviously, A is a-simple. Because /3 is an approximately inner automor- 
phism of ^0, therefore /3*o =^'ixg{Ao)^ then we have a^g =idxo(A)- 

Because /3 is an approximately inner automorphism of and has the 
traical cyclic Rohklin property in p!0], furthermore by applying Lemma 2.8 
of [inj, it is easy to verify that a has the traical cyclic Rohklin property in 
this paper. 

So {A, a) satisfies the conditions of Theorem 3.3, then we have TR(^ Xq, 
Z) = 0. 
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